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In this work we study different classes of effective composite metrics proposed in the context of 
one-loop quantum corrections in bimetric gravity. For this purpose we consider contributions of the 
matter loops in form of cosmological constants and potential terms yielding two types of effective 
composite metrics. This guarantees a nice behaviour at the quantum level. However, the theoretical 
consistency at the classical level needs to be ensured additionally. It turns out that among all these 
possible couplings only one unique effective metric survives this criteria at the classical level. 
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I. INTRODUCTION 

The theoretical and observational challenges in mod¬ 
ern cosmology, like the cosmological constant problem, 
the recent acceleration of the universe and dark mat¬ 
ter have motivated many physicists to put in question 
the validity of General Relativity (GR) on cosmological 
scales. Many theories came alive, like scalar-tensor [l] 
0, vector-tensor fij ITdl or tensor-tensor theories (in this 
context important classes being massive gravity flEl . 0, 
bigravity 0 , [3 and multigravity 0 theories...etc). 

Among all these possible modifications of GR, in this 
work we shall go along the lines of bimetric theories. 
Since the past decade there has been a tremendous 
amount of effort to build a consistent, ghost-free, covari- 
ant and non linear theory for massive gravity (l5l . 0. 
It cousins like the bimetric 00 and multi-metric 
0 extensions share the same properties. Since then 
there has been many interesting works on the theoreti¬ 
cal and cosmological implications of these theories, like 
the cosmological solutions 0-0] (see also the references 
in 0]), consistent couplin gs t o matter 0-0, possi¬ 
ble new kinetic interactions }30 h 32| |. applications to dark 
matter ,33]...etc. 

A ver nice property of massive gravity is its technical 
naturalness. Phenomenology requires a small mass of the 
graviton. This smallness of the graviton mass is as badly 
tuned as for the cosmological constant. However, the ex¬ 
plicit computations of the quantum corrections showed 
that the theory remains natural at the quantum level, 
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meaning that the quantum corrections themselves are 
small [34], [0 . In this context a natural question arose as 
whether the matter fields can be coupled to both metrics 
of massive gravity simultaneously without detuning the 
potential interactions at the quantum level. Upon this re¬ 
quirement an effective composite metric built out of the 
two metrics was proposed in [24] . In a follow-up work 
other types of possible effective metrics were considered 
[0 . They constituted two classes of effective metric. 
The first class was constructed in a way that guaranteed 
the quantum contributions to be in form of cosmological 
constants for the two metrics, which we will denote here 
as g e s. The second class of effective metrics were similar 
to the one proposed in [24] in the sense that they give 
rise to quantum corrections in the form of the allowed 
ghost-free potential interactions, represented by g e s■ In 
the present work we will investigate whether these two 
types of effective metrics can constitute consistent cou¬ 
plings at the classical level. For this purpose, we will first 
compute the Hamiltonian of the mini-superspace and im¬ 
pose its linearity in the lapses. This is the first trivial 
test that these couplings have to pass. As next, we will 
study the requirements for the ghost freedom in the de¬ 
coupling limit. Both analysis indicate that the effective 
metric proposed in [0 is a unique one in the sense that 
survives these two criteria. 


II. MORE ON EFFECTIVE METRICS 

The most promising way of coupling the matter field 
is to couple it to only one metric, which guarantees the 
ghost freedom at the classical level 0]- Furthermore, 
this property is not spoiled at the quantum level since 
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the quantum corrections do not detune the special form 
of the potential interactions and contribute only in form 
of a cosmological constant [24j. If the matter field couples 
to both metrics simultaneously, the ghost degree of free¬ 
dom reappears already at the classical level | 2 J] and the 
quantum corrections detune the potential interactions at 
an unacceptable low scale. 

The only way to couple the matter sector to the two 
metrics g and simultaneously is through an effec¬ 
tive composite metric, whose form is drastically restricted 
by the behaviour of quantum corrections. They have to 
be built in a way such that the quantum corrections do 
not detune the very specific potential structure in order 
not to reintroduce the ghost with an arbitrarily law scal¬ 
ing m®. 


1. Effective composite metrics in form of cosmological 
constants 


One way of guaranteeing that the quantum corrections 
coming from the matter loops do not detune the poten¬ 
tial interaction is by imposing that they shall contribute 
additively in from of cosmological constants for g^ and 
/ M1/ , in other words the determinant of the effective met¬ 
ric is restricted to be 

\J- det g e fi = y/~ det g + \/- det / ( 1 ) 


This ensures that the quantum corrections do not destroy 
the naturalness property of massive gravity. We can solve 
this relation to find out that the form of the effective 
composite metric is forced to be [26[ 

1/2 

9f v = (a/- det g + \J - det fj ( 2 ) 


with the only requirement that detM = 1. This corre¬ 
sponds to a nine parametric solution. This is fulfilled by 
constructing M as 




(-det TV ) 1 / 4 ^ 


(3) 


where N in principle can be arbitrary. The simplest 
would correspond to choosing M pl/ = rj fliy . 


2. Effective composite metrics in form of potential 
interactions 

The only other possible way of coupling matter fields 
to both metrics is through an effective composite metric 
which gives rise to quantum corrections in form of the 
allowed ghost-free potential interactions [24[ . This would 
destroy the naturalness of the theory but at least would 
not reintroduce the ghostly degree of freedom. For this 
to happen, the determinant of the effective metric needs 
to fulfil this time the following requirement 

\J— det < 7 e ff = yj— det <7 det (a 1 + (3X) (4) 


where X = \fg \f. The generic solution to this equation 
will dictate g e g to be of the form [26j] 

gf v = 9w[(a l + PX) 2 Y a K (5) 

with a and j3 being arbitrary constants and with the re¬ 
striction detM = 1. Again, the nine parametric solution 
is guaranteed with M = N/ det(iV) 1 / 4 . The simplest 
case with M = 1 corresponds to 

= a 2 g ^ + 2aPg^ p (Vs -1 /) ^ + /3 2 fp V , (6) 

which is a particularly interesting one. In [24[ it was 
shown that the matter coupling with this effective metric 
preserve the ghost freedom up to the scale Afj = m 2 Mpi. 

All these classes of effective composite metrics ensure 
that quantum contributions maintain the potential inter¬ 
actions and do not reintroduce the ghost with an arbi¬ 
trarily law scaling. This at least guarantees the quantum 
stability under matter loops. Nevertheless, it is crucial 
to investigate whether they contain the Boulware-Deser 
ghost already at the classical level. Not all of the effective 
composite metrics will be ghost-free at the classical level 
and one has to study carefully which of them is promis¬ 
ing to be ghost-free classically. This is the main goal of 
this work. We will investigate whether they reintroduce 
the ghost and whether they can be considered as an ef¬ 
fective field theory and it turns out that there is only one 
unique effective metric, that fulfils our restrictions at the 
classical level. 


III. MINI-SUPERSPACE 


First of all, the effective composite metrics introduced 
in the previous section need to pass the easiest case of 
mini-superspace. If they are predestined to be non lin¬ 
ear in the lapse already in the mini-superspace then we 
do not need to go through more involved space-times. 
Therefore, let us assume the following Ansatz for the g 
and / metrics 

ds 2 = g^dx^dx" = —n 2 dt 2 + a 2 dx 2 , 

ds 2 = fpudx^dx 1 ' = —n 2 dt 2 + a 2 dx 2 , (7) 

where n g , rif and a g , a/ are the lapse functions and scale 
factors of the g and / metric respectively and they only 
depend on the cosmic time t. We will assume the same 
symmetries for N in ([3]) and make a similar Ansatz 

d s 2 n = Npv dx'Mx 1 ' = —n 2 N dt 2 + a 2 N dx 2 . ( 8 ) 

Hence M would be parametrised in the mini-superspace 
as 




-{n N /a N ) 3 / 2 ,(a N /n N ) 1/2 Sij , 


(9) 


with det M = 1 guaranteed. Without loss of generality 
let us consider a scalar matter field for concreteness that 
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minimally couples to the effective metric 

^matter = ~V~9e ff + 2V(x)) (10) 

with the effective metric (© in the mini-superspace given 
by 


gfv = (a 3 f n f +a 3 g n g )2 



and its determinant y/—g e « = a 3 nf + a 3 n g . Our matter 
Lagrangian simplifies to 

3 

^matter = \\j a ) n f + a 3 n g x 2 -( a / n /+< a 3 g n g )V . 

The conjugate momenta associated to the scalar field 
reads 



After performing the Legendre transformation we obtain 
for the Hamiltonian: 


n 


matter — 




+ (a 3 f n f + a 3 n g )V , 
(13) 


We have to ensure that the Hamiltonian is linear in the 
lapses n g and rif. The part coming from the potential 
term already fulfils this requirement. In order for the 
Hamiltonian to be linear in the lapses we have to impose 
conditions on njv in terms of n g and n/ such that the 
term in front of the conjugate momenta in the Hamilto¬ 
nian m is linear in the lapses. Note that tin and oat 
are functions of the lapses and scale factors of the g and 
/ metrics. The necessary condition is 


{a) n f + a 3 g n g ) * 



linear in the lapses (14) 


At this stage, we see immediately that the simplest case 
with M gl , = rj^ would not give rise to an allowed ef¬ 
fective composite metric since the Hamiltonian would be 
highly non-linear in the lapses. Actually, upon closer in¬ 
vestigation one finds out that this equation (THl) has no 
real solutions for njv and a at in terms of the lapses and 
scale factors of the g and / metrics. This urges us to 
abandon the couplings constructed out of this class of 
effective metrics. 

Let us as next investigate the mini-superspace of 
the second type of effective composite metrics in equa¬ 
tion 0. Again, we parametrize N such that Mjf = 
[(njv/ojv) 3 / 2 , (ajv/fiiv) 1 / 2 ^] ■ The effective metric ©) 
becomes this time 

-(ang + /3n/) 2 (^-'] ,(aa g + pa f ) 2 (S zj 
\a-N J \nN J 



and its determinant \f—g e s = (an s + Prif)(aa g + /3a/) 3 . 
The matter Lagrangian this time reads 

r _ 1 1 „ , « X 2 fa N \* 

-^matter — \OLdg ~\~ pdf) . I _ I 

2 (an g +/3n f ) \n N J 

— (otrig + /3n,f)(aa g + (3a,f) 3 V . 


Similarly, the conjugate momenta associated to the scalar 
takes now the form 


- _ (aa g + /3a /) 3 . f on_\ 2 
Px (an g + pn f ) X \n N J 

and the Hamiltonian becomes 

3 

n ~, _ 1 (an g + /3n f ) _ 2 (fi N \ 2 

ma “ er ~ 2 {aag+p af Y P x\a N ) 
+(an g + /3nj)(aa g + /3aj) 3 V. 


(15) 


(16) 


We see immediately that for the simplest case M 
which corresponds to the g e g of equation © proposed 


37j gives rise to a Hamiltonian linear in the lapses, 


which coincides with the findings in 


n 


M—t 

matter 


p\(an g 


P n f) 


2 (aa g + (3a,f) 3 


+ ( an g + (3nf)(aa g + /3a/) 3 U . 


The question is now whether we can construct tin dif¬ 
ferent than 1, such that the Hamiltonian remains lin¬ 
ear in the lapses. Since we already have the linear term 
( an g + fin f) in front of n 3 f 2 , the only way to guarantee 
the linearity is unfortunately only by imposing tin = 1 - 
Among all these effective metrics, © with Mjf = 5^ 
is the only one that survives our criteria in the mini¬ 
superspace and hence is very special. 


IV. DECOUPLING LIMIT 


We will dedicate this section to the decoupling limit 
analysis of the matter couplings to the two types of ef¬ 
fective metrics and confirm that only for the unique effec¬ 
tive metric with Mjf = 8^ the BD ghost remains absent 
in the decoupling limit. This will strengthen our results 
of the mini-superspace. For this purpose we will focus 
on the helicity-0 mode of the massive graviton. As usual 
we will first restore broken diffeomorphism invariance via 
Stueckelbergalization of the / metric 

= fabdp a d v p , (17) 


in terms of the helicity-0 tt and -1 A counterparts of the 
Stueckelberg fields, 


A a f ab d b TT 

mM g A| ’ 


(18) 


with A 3 = M g m 2 . The decoupling limit corresponds to 
the scaling where M g ,Mf —> oo, while A 3 kept fixed. 
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We will set the contributions coming from the helicity-1 
mode to zero and concentrate only on the contributions 
of the helicity-0 mode n. We have to make sure that there 
are no higher derivative terms of the helicity -0 interac¬ 
tions after using the equation of motion of the matter 
field X- We have 

SV = fhiv 

fu.u = - IV) 2 , (19) 

with the short-cut notation II M „ = d p d„n/A 3 . The first 
type of effective metric (j 2 j) in the decoupling limit can be 
expressed as 

gf v = CM^(n) ( 20 ) 

l 

where C = [1 + det(r] pcr — n pcr )] 2 and we assumed that 
M can in principle depend in a non-trivial way on II. 
The equation of motion for the matter field \ 

= 0 ^ (V=gSTZ) = 

( 21 ) 

corresponds to the conservation of the stress energy ten¬ 
sor. As next we can compute the equation of motion with 
respect to the helicity -0 field 

SCmat _ d p dv ( SCmat Sg^ \ 

5tt A 3 ^ 5g e p % 5Td pv J ' 

( 22 ) 

Note that we can perform the following replacement in 

m 

(23) 

and furthermore we have 


mode contains higher derivatives. Concerning the sec¬ 
ond type of effective metrics (1251) . they are more special 
in the sense that they are constructed in a multiplicative 
way and the chances of cancelation are higher then in the 
first type of effective metrics where \J ~g and \J—f were 
added. In the mini-superspace we immediately saw that 
there was no way of making the Hamiltonian linear in 
the lapses unless njv and a n was chosen to be 1. In the 
decoupling limit, this fact is confirmed in the equation 
of motion for the helicity -0 mode where the only way of 
avoiding higher order derivative terms is by choosing the 
matrix M to be unity. The effective metric of second 
type in the decoupling limit takes the form 

C = [(<* + P)r\w - /3IIV 2 K p (n), (26) 

and similarly the equation of motion for the helicity -0 
mode this time reads 

5C mat _ d p d v (5C mat Sg \ 

Stt ~ A 3 y 5~gf a Sn^J 

= + 13)6; - pn;) m? 

1 ,_ 

^^((a + V^^) 2 ^ . 

One sees immediately that the second line will give rise 
to higher order derivative interactions once we apply the 
derivatives on it, which we can not remove by using the 
equation of motion for the matter field V® eff TV = 0 . 
Concerning the first line, this has only the chance of can¬ 
celation if we impose M? = 5? : in which case the higher 
order derivate terms cancel upon the use of (I2T1) and the 
fact that the Christoffel symbols in this case simply be¬ 
comes 


*9% 

6n pv 


M pa { n) 


sc 


JMpai n) 

<5IV 


(24) 


We can explicitly compute the variation of C with respect 

to n 

2C—pp— = 7V(6e 0 (n) + 3-2!ei(n) + 3!e 3 (n)) 
oIV 

- 3n^(2eo(n) + 2ei(n)+2!e 2 (n)) 

+ 3 nv- 2 (i + ei(n))V + 2nfn£) (25) 

with e n indicating the symmetric polynomials of n. Af¬ 
ter applying the two derivatives, we immediately see that 
there is no way of cancelling the higher derivative terms 
even after taking into account the equation of motion for 
the matter field, hence all these effective metrics in the 
additive form [ 2 ] will give rise to ghostly degree of freedom 
in the decoupling limit. This is in agreement with the 
mini-superspace analysis. The problem does not come 
from the presence of M^^n), but namely from the addi¬ 
tive structure of the effective metrics. Even in the triv¬ 
ial case for M, the equation of motion for the helicity -0 


r p r = -~g p e s [(a + m - PK] 3„n 


/i<7 • 


(27) 


The decoupling limit analysis together with the mini¬ 
superspace analysis indicate that there is a unique ef¬ 
fective composite metric that does not excite the ghost 
in the decoupling limit and provides linear Hamiltonian 
in the lapses in maximally symmetric space-times. This 
corresponds exactly to the effective metric proposed in 


-gf^g^i^t+pxfYj; (28) 

which makes it very unique and special. 


V. CONCLUSIONS 

In this work we investigated the two types of effective 
composite metrics proposed in [2(|. They are special in 
the sense that they guarantee a nice behaviour at the 
quantum level. Coupling the matter fields to these type 
of effective metrics generate quantum corrections in form 
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of cosmological constants for the two metrics or to renor¬ 
malize the potential interaction without detuning their 
relative tuning. However, once we ensure this property 
at the quantum level, we have to impose the consistency 
at the classical level as well, which was the aim of this 
work. First of all, the mini-superspace analysis showed 
immediately that there is no way of providing a Hamil¬ 
tonian linear in the lapses for the first type of effective 
metrics, which give rise to quantum corrections in form 
of cosmological constants. This statement rules out this 
entire class of effective metrics as a viable classical cou¬ 
plings. We also saw that the equation of motion for the 
helicity-0 mode in the decoupling limit is predestined to 
give rise to higher order derivatives that we can not can¬ 
cel. Concerning the second type of composite metrics, 
the mini-superspace analysis showed that the Hamilto¬ 
nian remains linear only if we force M = 1. The ghost 


freedom in the decoupling limit requires the same condi¬ 
tion. The analysis of this work shows the uniqueness of 
the effective metric (l28l) proposed in [3] . 

In the very latest stage of this work we became aware of 
similar conclusions made in (28[ hi the vielbein formula¬ 
tion and in [29 ] in the metric formulation. Our analysis is 
complementary to these works and is in complete agree¬ 
ment. 
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